Multiple attributes group decision making problems aim to find the best alternative for the experts from a solution set of alternatives. Because the attribute value and decision-makers evaluation with respect to the alternatives are usually vague and imprecise, fuzzy multiple attributes group decision making have been widely investigated, in which, ordering fuzzy evaluation results in fuzzy decision making is an important method to find the best alternative for the experts, difference fuzzy expressions for evaluation in fuzzy decision making problems correspond with difference aggregation operator and ranking method. In this paper, we analyze some algebraic properties of a kind of ranking method in fuzzy multiple attributes group decision-making, and prove that the ranking method is pre-ordering, its'drawback in fuzzy decision making is no unique alternative to be best alternative. Then, we provide an equivalence relation on fuzzy evaluation values based on the ranking method, and propose a linearly ordering on equivalence classes of fuzzy evaluation values. Based on the linearly ordering, we propose an improve method to handle fuzzy multiple attributes group decision-making when its ordering is pre-ordering. Some numerical examples illustrate that our method can be used to improve the best alternative of fuzzy decision making when its ordering is pre-ordering.
Introduction
In many cases, decision making problems must deal with vague and imprecise information that usually involves uncertainty in their decision making frameworks 9, 11, 13, 19 . Different proposals to tackle and manage the uncertainty have been developed 15, 16, 17, 22 , such as fuzzy sets and its' extensions, interval-valued fuzzy set, intuitionistic fuzzy set and interval-valued intuitionistic fuzzy set 1, 6, 7, 18, 23, 27, 28, 29 . For their advantage of coping with more imprecise information, fuzzy sets and its' extensions have been adequately applied in various fields, particularly in decision-making 2, 5, 11 .
In decision making analysis, the problems are associated with: (1) The choice of expressions for evaluation in a decision making problem; (2) The choice of the aggregation operator of evaluation values of attributes in the decision making; (3) The choice of the best alternatives. In the above mentioned three steps, the aim of (1) consists of establishing the suitable formal framework or expression domain with a view to provide the performance values in uncertain environment of decision making. In practice, fuzzy numbers or an ordered structure of linguistic values can be used to explain their semantic 8, 14 . The aim of (2) or linguistic aggregation operators 3, 4, 20, 21, 24, 25, 26 to process them. The aim of (3) consists of obtaining a collective performance value over each alternative and finding a solution set of alternatives. The solution set of alternatives is the best alternative that is the most satisfied alternative for the experts. Generally, ordering is an important method to find the best alternative for the experts. In decision making using the 2-tuple fuzzy linguistic representation model 8 , i.e., let S = {s 0 , s 1 , · · · , s g } be a set of linguistic term set and β ∈ [0, g] a value supporting the result of a symbolic aggregation operation. Then the linguistic 2-tuple that expresses the equivalent information to β is obtained with the function ∆ : [0, g] → S × [−0.5, 0.5) such that △(β ) = (s i , α) with i = round(β ) and α = β − i ∈ [−0.5, 0.5), where s i has the closest index label to β and α is the value of the symbolic translation, round(·) is the usual rounding operation, ordering of linguistic information is processed by the linear ordered structure of linguistic values, and its natural number indexes is used to explain the ordering, which can be expressed as follows: for any 2-tuple linguistic values (s i , α i ) and (s j , α j ), (s i , α i ) (s j , α j ) if and only if ∆ −1 (s i , α i ) = i + α i ∆ −1 (s j , α j ) = j + α j . Based on the above mentioned ordering, any decision results represented by 2-tuple linguistic values is ordered, and the best alternative for the experts can be selected. In decision making using Atanassov's intuitionistic fuzzy sets, Li developed a methodology for solving multiattribute decision making problems based on intuitionistic fuzzy sets 12 , in which, decision results are represented by intuitionistic fuzzy sets, and ordering is depended on score and accuracy functions, i.e., let C = ⟨µ C , ν C ⟩ be an intuitionistic fuzzy set, then the score function s and the accuracy function a of C may be expressed by s(C) = µ C − ν C and a(C) = µ C + ν C . Ranking two intuitionistic fuzzy sets B = ⟨µ B , ν B ⟩ and C = ⟨µ C , ν C ⟩ is as follows 10 :
If s(B) > s(C), then B > C;

If s(B) = s(C), then (a) If a(B) = a(C), then B = C; (b) If a(B) < a(C), then B < C; (c) If a(B) > a(C), then B > C.
Recently, Chen and Niou proposed a method for fuzzy multiple attributes group decision-making 3 , in which, evaluation values and decision results are represented by fuzzy sets on a finite and ordered linguistic term set U called initial evaluation linguistic values, ranking decision results P 1 and P 2 represented by fuzzy sets on U is depended on the score S( P 1 ⊖ P 2 ) of the weighted difference of their membership values.
A bird's eye view in the recent specialized literature about decision making problems, ranking methods are an important aspect to select the best alternative for the experts, difference expressions for evaluation in a decision making problem correspond with difference aggregation operator and ranking method. From the algebraic point of view, ranking methods is to order decision results to obtain the best alternative for the experts, some of them is linearly ordered, the others is pre-ordering. Theoretically, there is no unique alternative to be best in pre-ordered set, this is drawback of decision making approach when its ordering is pre-ordering. In this paper, we aim to analyze some algebraic properties of the score proposed in 3 . Then we provide an equivalence relation on decision results to order aggregation values in decision making, the new ordering method can overcome drawback of decision making approach when its ordering is pre-ordering, example shows that the method is an alternative decision making method when its ordering is pre-ordering. The paper is organized as follows: In Section 2, we briefly review the decision making method and the score proposed in 3 .
In Section 3, we analyze some algebraic properties of the score. In Section 4, we devote to discuss an equivalence relation on fuzzy sets based on the score and provide a new method to handle multi-criteria decision-making when its ordering is pre-ordering. In Section 5, we use two examples to illustrate the proposed method. We conclude in Section 6.
Preliminaries
There are different approaches to select linguistic descriptors and different ways to define their semantics in fuzzy multi-criteria decision making prob-lems. The selection of linguistic descriptors in 3 can be performed as follows: Assume that U = {s −m , · · · , s 0 , · · · , s m } is a finite and ordered linguistic term set, and linguistic descriptors are fuzzy sets on U, e.g., Some operations of fuzzy sets defined on U are shown as follows: The addition operation between two fuzzy sets is
The multiplication operation between α and P 1 is
Based on the above mentioned operations, FIOWA operator can be defined as follows: Let {⟨u 1 , P 1 ⟩, ⟨u 2 , P 2 ⟩, · · · , ⟨u n , P n ⟩} be OWA pairs 26 and W = (w 1 , w 2 , · · · , w n ) a weighting vector, where u i in the OWA pair ⟨u i , P i ⟩ is called the order inducing variable, P i is called the uncertain linguistic argument variable, w i denotes the ith weight such that
In which, P b j (1 j n) is the value of the OWA pair ⟨u i , P i ⟩ having the jth largest order inducing u i value.
The score S( P 1 ⊖ P 2 ) of the weighted difference of the membership values between P 1 and P 2 is
Formally, S( P 1 ⊖ P 2 ) provides an order relation between two fuzzy sets on U defined as follows. Definition 1. 3 Let P 1 , P 2 and P 3 be three fuzzy sets in the universe of discourse U, where
Based on FIOWA operator and the score S( P i ⊖ P j ) between fuzzy sets P i and P j , the proposed method for fuzzy multiple attributes group decisionmaking based on FIOWA operators is as follows: Assume that there are n alternatives {x 1 
In which, every f k i j is a fuzzy set on linguistic term set U, 1 k g.
By using FIOWA operator, the fuzzy evaluating value of all decision-makers with respect to the attribute f i of the alternative x j is as follows
In which, W = (
The score E j of each alternative x j represented by fuzzy set on U is as follows:
In which,
To obtain the better alternative as the final decision, the score of S( E j 1 ⊖ E j 2 ) for any j 1 and j 2 is needed, the smaller the value of S( E j 1 ⊖ E j 2 ) is , the better alternative x j 2 is. 
, we have P 1 P 2 , P 3 P 1 and P 1 P 4 . On the other hand, S( P 1 ⊖ P 2 ) S( P 1 ⊖ P 4 ), we have P 4 P 2 . Finally, we have P 3 P 1 P 4 P 2 , i.e., x 2 is the best alternative.
Properties of the score
In this section, we analyze some algebraic properties of the score S( P i ⊖ P j ). We show that the order relation decided by S( P 1 ⊖ P 2 ) is a pre-order relation of fuzzy sets on U.
Proposition 1. For any fuzzy sets P i , P j and P k on
U = {s B 1 , s B 2 , · · · , s B n }.
S( P i ⊖
1. According to (1), S( P i ⊖ P i ) = 0 is obvious;
In the rest of the paper, P i P j is denoted by P i s P j . Based on Proposition 1, Definition 1 can be modified as follows.
Definition 2. For any two fuzzy sets
According to Definition 2, 1) if
i.e., S( P 1 ⊖ P 2 ) 0 and S( P 2 ⊖ P 3 ) 0, hence, P 1 P 2 and P 2 P 3 , i.e., P 1 P 2 P 3 .
The following proposition show that " s " is a pre-order relation of fuzzy sets on U = {s B 1 ,
Proposition 2. For any fuzzy sets P i , P j and P k on U, " s " satisfies reflexivity and transitivity, i.e.,
Reflexivity: P i s P i ;
2. Transitivity: If P i s P j , P j s P k , then P i s P k .
Due to P i s P j if and only if S(
i.e., P i s P k , transitivity holds.
The following example means that " s " is not satisfied anti-symmetry. 
Clearly, S( P 1 ⊖ P 2 ) = 0 and P 1 ̸ = P 2 . Proposition 2 and Example 2 mean that " s " is not partially ordered relation.
Proposition 3. For any fuzzy sets P i , P j on U, we always have P i s P j or P j s P i .
Proof. For any fuzzy sets P i , P j on U, according to (1), we can calculate S( P i ⊖ P j ). According to Definition 1, if S( P i ⊖ P j ) 0, then P i s P j . Else S( P i ⊖ P j ) 0, according to Proposition 1 (2), S( P j ⊖ P i ) = −S( P i ⊖ P j ) 0, i.e., P j s P i .
Proposition 3 means that for any fuzzy sets P i and P j on U, if S( P j ⊖ P k ) ̸ = 0, then P i and P j is comparable, i.e., P i s P j or P i s P j . Proposition 2 and Proposition 3 show that we can not rank fuzzy sets P i and P j on U when S( P i ⊖ P j ) = 0.
Example 3. Let P 1 , P 2 , P 3 and P 4 be four scores of alternative x j , 1 j 4, which are fuzzy sets on U = {s −4 
So, we have P 4 s P 1 s P 2 , P 4 s P 1 s P 3 , P 2 s P 3 and P 3 s P 2 due to S( P 2 ⊖ P 3 ) = 0, i.e., P 4 s P 1 s { P 2 , P 3 }. Hence, we can not choose the better alternative from x 2 and x 3 .
An improved ordering method based on the score
In this section, we discuss an equivalence relation on fuzzy sets based on the score S( P i ⊖ P j ), and provide an improved ordering method to handle fuzzy decision making problems when S( P i ⊖ P j ) = 0. Proof.
An equivalence relation on fuzzy sets
(1) For any fuzzy set P i on U, according to Propo- 
Proposition 5. For any equivalence classes
Proof.
(1) For any fuzzy set P i on U, according to Proposition 4 (1), 
Accordingly, we get three equivalence class of
The following Proposition 7 shows that the equivalence classes of F(U)/ ∼ s is closed for weighted aggregation operator.
Proposition 7. For any equivalence class
In practical decision-making, we always find more than one alternatives have the same effect, such as in Example 4, [ P 2 ] = { P 2 , P 5 } is maximum equivalence class. According to Proposition 7, we adopt the following method to understand why {x 2 , x 5 } is the better choose, assume that the weight- 
An improve method of fuzzy group decision-making
Assume that there are n alternatives {x 1 , Step1: Construct the fuzzy evaluating matrix F k for decision-maker D k with respect to attribute f i of the alternative x j ,
Step2: Assume that the weighting vector W = [w 1 ,
Based on weighting vector W and the fuzzy evaluating matrix F k , the weight Z i j of the attribute f i of the alternative x j is calculated by the FIOWA operators, i.e.,
where, 1 i m, 1 j n, 1 k g, h k denotes the weighting vector of decision-maker D k , f ′ k i j is the value of the OWA pair having the kth largest order inducing h value.
Step3: Assume that the weighting vector R = [r 1 , r 2 , · · · , r i ] T . Based on weighting vector R and the weighted value Z i j , the score E j of alternative x j is calculated as follows: step4: Based on (1), the score S( E i ⊖ E j ) of the weighted difference of membership values between E i and E j is calculated, where 1 j n.
step5: All evaluations of alternatives are classified by the equivalence relation ∼ s .
step6: The order of sort 
Numerical examples
In this section, we use two examples to illustrate the proposed method for handling fuzzy group decisionmaking problems. Step3: Assume that the weighting vector R = [r 1 , r 2 , r 3 , r 4 ] T = [0.4, 0.3, 0.2, 0.1] T , we get the evaluations value E j of alternative x j by using FIOWA operator, i.e., 
Step5: All evaluations of alternatives are classified by the equivalence relation ∼ s , therefore, we
Step6: Sort the equivalence class
Step7: According to Proposition 7, E 6 ∈ [ E 2 ]. Since, we show that the better alternative is x 2 and x 5 , E 6 is the final evaluation value of the better alternatives.
Example 6. Assume that there are five signals x 1 , x 2 , x 3 , x 4 and x 5 , which are represented by five attributes, i.e., the average value analysis (denoted by f 1 ), the variance analysis (denoted by f 2 ), the peak one analysis (denoted by f 3 ), the peak two analysis (denoted by f 4 ) and the peak three analysis (denoted by f 5 ) (shown in Table 1 Step1: Construct the fuzzy evaluating matrix F k for decision-maker D k with respect to attribute f i of the signal x j , where 1 k 3, 1 i 5, 1 j 5 shown as follows: 
where h k denotes the weighting vector of decision- Step4: Based on (1), the score S( E i ⊖ E j ) of the weighted difference of membership values between E i and E j is calculated, where 1 j 5. The results are shown by S( E 1 ⊖ E 2 ) = −2.88, S( E 1 ⊖ E 3 ) = 0.05, S( E 1 ⊖ E 4 ) = −2.88, S( E 1 ⊖ E 5 ) = −1.11, S( E 2 ⊖ E 3 ) = 2.93, S( E 2 ⊖ E 4 ) = 0, S( E 2 ⊖ E 5 ) = 1.87, S( E 3 ⊖ E 4 ) = −2.93, S( E 3 ⊖ E 5 ) = −1.06, S( E 4 ⊖ E 5 ) = 1.87.
Step6 According to Proposition 7, E 6 ∈ [ E 2 ]. x 6 is representative of radar signals.
Conclusion
In this paper, we analyze some algebraic properties of the score S( P i ⊖ P j ) and prove that the order relation decided by the score is a pre-order relation of fuzzy sets on U. Then, we provide an equivalence relation on fuzzy sets based on S( P i ⊖ P j ) and propose a new method to handle fuzzy group decisionmaking. Some numerical example illustrates our method can be used to improve the best alternative of fuzzy group decision-making when its ordering is pre-ordering.
